The energy spectra and oscillator strengths of two, three, and four electrons confined by a quasi-twodimensional attractive Gaussian-type potential have been calculated for different strength of confinement and potential depth D by using the quantum chemical configuration interaction ͑CI͒ method employing a Cartesian anisotropic Gaussian basis set. A substantial redshift has been observed for the transitions corresponding to the excitation into the center-of-mass mode. The oscillator strengths, concentrated exclusively in the center-ofmass excitation in the harmonic limit, are distributed among the near-lying transitions as a result of the breakdown of the generalized Kohn theorem. The distribution of the oscillator strengths is limited to the transitions located in the lower-energy region when is large but it extends towards the higher-energy region when becomes small. The analysis of the CI wave functions shows that all states in the energy range covered by the present study can be classified according to the polyad quantum nnumber v p . It is shown that the distribution of the oscillator strengths for large occurs among transitions involving excited states with the same value of v p as the center-of-mass excited state, v p,cm , while it occurs among transitions involving the excited states with v p = v p,cm and v p = v p,cm + 2 for small .
I. INTRODUCTION
Recent advances in semiconductor technology allow the construction of quantum systems consisting of a small number of electrons confined in nanoscale potential wells, referred to as artificial atoms 1 or quantum dots. 2, 3 These confined quantum systems have a certain similarity with atoms in that they have a discrete energy-level structure that follows Hund's rules. 4, 5 Quantum dots have been modeled by harmonic-oscillator potentials 2 while atoms are characterized by Coulomb potentials. The spectral properties of harmonic-oscillator quantum dots or parabolic quantum dots 6, 7 are exotic as compared to those of atoms in that the oscillator strengths are concentrated only in one dipole-allowed transition. This property of harmonic-oscillator quantum dots is a direct consequence of the generalized Kohn theorem 6, [8] [9] [10] [11] [12] [13] and is independent of the number of electrons, the strength of the confinement, and the form of the electron-electron interaction potential.
On the other hand, it has been demonstrated recently that a realistic confining potential which can simulate experimental observations deviates from the exact harmonic-oscillator potentials. 14 In the case when the confining potential deviates from the harmonic-oscillator potential, Kohn's theorem is no longer applicable and the oscillator strengths are distributed among the transitions near the original dipole-allowed transition. [15] [16] [17] [18] According to the generalized Kohn theorem the dipole-allowed transition in harmonic oscillator quantum dots corresponds to the excitation of a center-of-mass mode ͑CM͒ of electrons. Therefore the fragmentation of the oscillator strength among the near-lying transitions in anharmonic quantum dots is due to the interaction between the center-of-mass mode and internal modes of the electrons induced by the anharmonicity of the potential.
In the present study, in order to understand the interaction between the center-of-mass mode and the internal modes represented in the distribution of oscillator strengths, the spectral properties of N-electrons ͑N = 2, 3, and 4͒ confined by a quasi-two-dimensional Gaussian potential have been studied for all spin states by using a quantum chemical multi-reference configuration interaction ͑CI͒ method employing a Cartesian anisotropic Gaussian basis set with large angular momentum functions. The computed oscillator strengths have been examined with respect to the nodal pattern in the CI wave functions for the states involved in the transitions. Atomic units are used throughout this paper.
II. COMPUTATIONAL METHODOLOGY

A. Schrödinger equation
The Schrödinger equation for N-electrons confined by a potential W is given by ͓H͑r͒ + W͑r͔͒⌿͑1,2, . . . ,N͒ = E⌿͑1,2, . . . ,N͒, ͑1͒
where the set ͑1,2, ... ,N͒ denotes the orbital and the spin coordinates of the electrons. The operator H represents the N-electron operators describing the kinetic energy and the electron-electron repulsion potentials
where r ϵ͕r 1 , r 2 , ... ,r N ͖ stands for the spatial coordinates of the electrons. The N-electron interaction potential is defined as the sum of one-electron contributions
where the one-electron confining potential w͑r i ͒ is chosen, in the present study, to be the sum of an isotropic Gaussian-type potential for the x and y directions and a harmonic-oscillator potential for the z direction
where r i = ͕x i , y i , z i ͖ and D Ͼ 0. It is noted that for sufficiently large values of z the electrons of the system are strongly compressed along the z direction. Therefore in this case the system can be regarded as a quantum system confined by a two-dimensional Gaussian-type potential, i.e., as a quasitwo-dimensional Gaussian quantum dot. Since a Gaussian potential can be approximated close to the minimum by a harmonic-oscillator potential, the potential of Eq. ͑4͒ is suitable for modeling the confining potential of semiconductor quantum dots with anharmonicity. 19 The anharmonicity of the Gaussian potential in Eq. ͑4͒ may be characterized by the depth of the Gaussian potential D. By taking the two leading terms of the Taylor expansion with respect to the minimum the Gaussian potential is approximated by the harmonic-oscillator potential with defined by = ͱ 2D␥.
͑5͒
Accordingly, the Gaussian potential may be specified by D and instead of D and ␥. When D is much larger than the Gaussian potential has many bound states and the potential curve follows closely the harmonic oscillator potential with as illustrated schematically in Fig. 1͑a͒ for a onedimensional Gaussian potential. In this case the anharmonicity of the potential is small. On the other hand, when D is only slightly larger than the Gaussian potential has only few bound states and, therefore, deviates strongly from the harmonic-oscillator potential as illustrated in Fig. 1͑b͒ . In this case the anharmonicity is large. These observations suggest that the anharmonicity of the Gaussian potential may be defined by the parameter ␣, the strength of confinement over the depth of the potential as
The total energies and wave functions of the quasi-twodimensional Gaussian quantum dot with the confining potential of Eq. ͑4͒ have been calculated as the eigenvalues and eigenvectors of the CI matrix. The full CI and multireference CI methods have been used for two-electron and three-and four-electron quantum dots, respectively. All calculations have been performed by using OpenMol, 20 an objectoriented program that has originated in the Molecular Physics Group of the Max-Planck-Institute for Astrophysics and is being developed in international cooperation amongst individual researchers primarily for their own use. For the study of confined quantum systems OpenMol has been extended to account for Gaussian and power-series potentials and anisotropic Gaussian basis functions. The electron density plots have been generated by using the gOpenMol program. 21, 22 The computational results are represented in atomic units and can be scaled by the effective Bohr radius of 9.79 nm and the effective Hartree energy of 11.9 meV for GaAs semiconductor quantum dots.
23,24
B. Basis set
In previous studies of this series [25] [26] [27] it has been demonstrated that a set of properly chosen Cartesian anisotropic Gaussian-type orbitals ͑c-aniGTOs͒ is the most convenient choice to correctly approximate the wave function of electrons confined by an anisotropic harmonic oscillator potential. Therefore it is most natural to explore first the suitability FIG. 1. One-dimensional attractive Gaussian potential with small ͑a͒ and large ͑b͒ anharmonicity. The dotted curves represent the corresponding harmonic oscillator potential with defined by Eq. ͑5͒. The origin of the energy axis is chosen to coincide with the minimum of the Gaussian potential.
of a c-aniGTO basis set for expanding the wave function of electrons confined by the potential of Eq. ͑4͒. Since a c-aniGTO basis set can be transformed into a set of eigenfunctions of the corresponding anisotropic harmonic oscillator, 27 it should be also useful in the studies of atoms in strong magnetic fields 28, 29 and of semiconductor quantum dots 30, 31 for calculating eigenvalues and eigenfunctions with high accuracy. [32] [33] [34] A Cartesian anisotropic Gaussian-type orbital centered at
where 27 Since a two-dimensional isotropic Gaussian potential can be approximated near its minimum by the two-dimensional isotropic harmonic oscillator potential with ͑= x = y ͒ defined by Eq. ͑5͒ it is reasonable to choose half of as a first approximation for the optimal Gaussian orbital exponents.
However, as discussed in the previous section, the quadratic approximation of the Gaussian potential is valid only if the anharmonicity ␣ of the Gaussian potential is rather small. If the Gaussian potential is strongly anharmonic the harmonic oscillator potential with defined by Eq. ͑5͒ is too localized as compared to the Gaussian potential as shown in Fig. 1͑b͒ . Consequently, in this case the eigenfunctions of the harmonic oscillator potential cannot properly span the oneelectron space of the wave function of electrons in a Gaussian potential even for the low-lying states.
One way to overcome this difficulty is to adopt a smaller than that defined by Eq. ͑5͒ so that the harmonic oscillator eigenfunctions cover properly the space defined by the Gaussian potential. An ͑which will be denoted by ͒ appropriate for a given Gaussian potential may be determined systematically as follows. The angular momentum in a c-aniGTO basis set is usually limited to a =10 ͑m-type͒ in order to keep the size of the basis set within a reasonable limit. This corresponds to the highest vibrational quantum number v max of 10 for a one-dimensional harmonic oscillator eigenfunction. The value may be determined as the value for which the energy of the highest state v max of the harmonic oscillator, ͑ v max + 1 2 ͒ , coincides with the energy of the ͑v max +1͒-th eigenstate of the one-dimensional Gaussian potential which is obtained by solving the one-dimensional Schrödinger equation numerically. In case the Gaussian potential supports only a smaller number of eigenstates than v max , then, is chosen such that energy of the highest bound state, denoted as the Kth eigenstate, of the Gaussian potential coincides with the energy of the harmonic oscillator eigenstate with v = K −1.
In order to check the reliability of the c-aniGTO basis set with respect to calculating oscillator strengths for electrons confined by the potential of Eq. ͑4͒ the oscillator strengths of the low-lying transitions of the singlet manifold of two electrons confined by the quasi-two-dimensional Gaussian potential with the parameters ͑D , , z ͒ = ͑0.5, 0.1, 2.0͒ have been calculated for different size basis sets. The exponents of the c-aniGTO basis sets have been chosen to be half of for x and y and half of z for z . Since z is 20 times larger than only functions with a z = 0 have been selected and used in the basis sets. 35 The oscillator strength for a transition from a low-lying state a to a high-lying state b with a transition dipole moment along the ͑=x , y , z͒ coordinate has been calculated as the product of the energy difference between the two electronic states and the square modulus of the matrix element of the transition moment along the -axis as
where E a and E b represent the energies, ⌿ a and ⌿ b represent the corresponding CI wave functions, and i denotes the value of the coordinate of the ith electron. In case the lower state a is degenerate due to spatial symmetry the oscillator strength of Eq. ͑8͒ is written as
where n d denotes the degree of degeneracy and is always 2 in the present study. Since excitations occur in the low-energy region only along the x or y coordinate and the value of T ͑b , a͒ is identical for the x and y coordinates for the isotropic Gaussian potential, the superscript is omitted hereafter.
The results are summarized in Table I for the dipoleallowed 1 1 ⌸ u -1 1 ⌺ g + transition corresponding to the centerof-mass excitation and for the sideband 2 1 ⌸ u -1 1 ⌺ g + transition where the assignments of the states have been made by counting the states separately for each spatial and spin symmetry. As shown in Table I the oscillator strength for the The number in the round bracket indicates the total number of basis functions.
converges to the value of 1.968 within 0.001 for the basis sets equal to and larger than ͓1s1p1d1f1g1h1i1j1k͔ of 45 functions. On the other hand, the oscillator strength for the 2 1 ⌸ u -1 1 ⌺ g + transition fluctuates between 0.030 and 0.029 and it finally converges to 0.029 for the largest basis set ͓1s1p1d1f1g1h1i1j1k1l1m͔ of 66 functions. In order to study transitions with such small values of oscillator strengths the reduced basis set ͓1s1p1d1f1g1h1i1j1k1l1m͔ of 66 functions is used in the present study. The results with this basis set are converged to five digits for the energies and to three digits for the oscillator strengths.
III. RESULTS AND DISCUSSION
A. Hartree-Fock orbitals
The closed-shell Hartree-Fock orbital density distributions for two-electrons confined by a quasi-two-dimensional Gaussian potential with ͑D , , z ͒ = ͑0.8, 0.1, 2.0͒ have been calculated and are presented in Fig. 2 . The density distribution is displayed in cubes with a side length of 16 a.u. The z axis is directed along the vertical edge of the cube. The density at the surface is 1.0ϫ 10 −3 . It is noted that the nodal pattern of the orbital density distributions displayed in Fig. 2 are quite similar to those of quasi-two-dimensional harmonic oscillator quantum dots obtained in a previous study. 35 Therefore the same notation ͓v x + v y , v z ͔⌬ has been used to label the orbitals in Fig. 2 where v x , v y , and v z denote oneelectron harmonic-oscillator quantum numbers for the x, y, and z coordinates, respectively, and ⌬ denotes the symmetry labels of the D ϱ,h group. The v x and v y quantum numbers are related to the quantum number of the z component of the angular momentum l z and the number of radial nodal planes n by l z = v x − v y and 2n = v x + v y − ͉l z ͉, respectively, while the v z quantum number is related to the number of nodal planes along the z axis that is always zero in the present study because of the strong confinement along the z direction.
As in the case of the quasi-two-dimensional harmonic oscillator quantum dots two types of electron modes are recognized in the nodal pattern of the Hartree-Fock orbitals displayed in Fig 2, namely, the circular mode with angular nodal planes and the breathing mode with radial nodal planes. 35 For example, the orbitals ͓1,0͔ u , ͓2,0͔␦ g , ͓3,0͔ u , etc., have one, two, and three angular nodal planes and therefore these orbitals have excitations into the circular mode with one, two, and three quanta, respectively. On the other hand, the orbitals ͓2,0͔ g and ͓4,0͔ g have one and two radial nodal planes, respectively, and therefore these orbitals have excitations into the breathing mode with one and two quanta, respectively. Besides these orbitals with the "overtone" excitations orbitals are present that have excitations into both the circular and breathing modes. For example, the ͓3,0͔ u orbital has one angular nodal plane and one radial plane and the ͓4,0͔␦ g orbital has two angular nodal planes and one radial nodal plane indicating that they are orbitals with "combinational" excitations.
It is convenient to address here the number of nodal planes for a given Hartree-Fock orbital. They are naturally defined by using the one-electron harmonic-oscillator quantum numbers v x , v y , and v z as
Since v z is always zero in the present study v is written as the sum of angular nodal planes ͉l z ͉ and radial nodal planes n v = 2n + ͉l z ͉.
͑11͒
In the following sections the total number of nodal planes in the multielectron wave functions have significant roles in analyzing the interaction among different electron modes.
B. Ionization potentials
Before discussing the oscillator strengths it should be noted that the quasi-two-dimensional Gaussian potential of Eq. ͑4͒ has a critical potential depth below which the electrons of the system are not bound because of the electronelectron repulsion interaction. This value depends on the strength of the confinement , the number of electrons, and the spin configuration of the systems. In order to determine how strongly electrons are bound for a given potential depth D the first ionization potentials have been calculated for the lowest energy states of all spin configurations of two, three, and four electrons confined by a potential with a small ͑ = 0.1͒ and one with a large ͑ = 1.0͒ strength of confinement. The ionization potential I a N for the state a with N electrons has been calculated by
where E a N represent the energy of the state considered and E g N−1 the ground-state energy of the system with N − 1 electrons. The results are summarized in Tables II and III for = 0.1 and 1.0, respectively. As shown in Tables II and III the first ionization potential becomes larger as the depth of the Gaussian potential D increases. The blanks shown in these tables indicate that the resultant ionization potential takes a negative value and therefore the system is unbound. The number of blanks increases in both tables as the number of electrons increases. It is noted that Table II representing the results for the smaller confinement strength = 0.1 has more blanks than Table III for the larger confinement strength = 1.0 although the range of the anharmonicity parameter ␣ is the same in both cases 0.1ഛ ␣ ഛ 0.5. This indicates that the electron-electron interaction has a larger effect in the case of = 0.1 than of = 1.0. In order to compare the results for the smaller and the larger on the same ground the anharmonicity parameter ␣ = 0.125 has been chosen for which all spin states listed in Tables II and III are bound. The effect of the electronelectron interaction on the distribution of oscillator strengths has been examined by focusing on the results with the same value of ␣, i.e., ͑D , ͒ = ͑8.0, 1.0͒ and ͑0.8, 0.1͒.
C. Oscillator strengths
Strongly confined electrons: Large
The distribution of oscillator strengths for transitions from the lowest states in all spin manifolds of two, three, and four electrons confined by the quasi-two-dimensional Gaussian potential with ͑D , , z ͒ = ͑8.0, 1.0, 20.0͒ have been calculated and are displayed in Figs. 3͑a͒-3͑g͒ , respectively. In all these figures the horizontal axes represent the excitation energies from the lowest states and the dotted lines represent the oscillator strengths of the dipole-allowed transitions in the harmonic limit, that is, those of the quasi-twodimensional harmonic oscillator quantum dot with ͑ x , y , z ͒ = ͑1.0, 1.0, 20.0͒. As known from the B = 0 case of the generalized Kohn theorem, where B represents the external magnetic field strength, the excitation energy is equal to the value of the strength of confinement ͑= x = y ͒ of 1.0 and the oscillator strength is equal to the number of electrons.
As shown in Fig. 3͑a͒ the distribution of oscillator strengths of the two-electron Gaussian quantum dot in the singlet manifold is concentrated almost exclusively in the 1 1 ⌸ u -1 1 ⌺ g + transition although a tiny peak is observed at ⌬E = 2.2420 with an oscillator strength being as small as 0.0015. The excitation energy 0.9196 of the main peak is smaller than that of the corresponding harmonic limit of 1.0 due to the effect of anharmonicity of the Gaussian potential. The origin of this redshift can be understood easily from the one-dimensional Gaussian potential drawn in Fig. 1͑b͒ . When the confining potential becomes soft the energy level of each bound state is shifted to lower energies. Since this effect is larger for the higher-lying states than for the lowerlying states, the energy difference between the lowest state and an excited state becomes smaller than the corresponding value of the harmonic oscillator. The observed redshift may be specific to using a Gaussian confining potential. A blueshift may be observed when the confining potential has the form of a harmonic-oscillator potential with a small hump at the center. 36, 37 In the case of the triplet manifold of the two-electron system shown in Fig. 3͑b͒ 3 ⌺ g − become degenerate and merge into a single peak as displayed by the dotted line in Fig. 3͑b͒ . The summation of the oscillator strengths for these three transitions amounts to 1.998 indicating that the distribution of oscillator strengths is concentrated almost exclusively, like in the case of the singlet manifold, in the transitions corresponding to the dipole-allowed transitions in the harmonic limit.
In the case of three electrons the distribution of oscillator strengths displayed in Figs. 3͑c͒ and 3͑d͒ shows an additional structure that is not observed in the distribution of oscillator strength of two electrons. As shown in Fig. 3͑c͒ the distribution of oscillator strengths in the doublet manifold is dominated, as for the triplet manifold of two electrons, by the close lying three peaks at ⌬E = 0.8714, 0.8860, and 0.9119 corresponding to the 2 2 ⌺ g + -1 2 ⌸ u , 2 2 ⌬ g -1 2 ⌸ u , and 1 2 ⌺ g − -1 2 ⌸ u transitions, respectively, which merge into a single peak in the harmonic limit. However, it is noted that aside from these main peaks two sideband peaks are observed at ⌬E = 0.5822 and 0.7378 corresponding to the 1 2 ⌬ g -1 2 ⌸ u and 1 2 ⌺ g + -1 2 ⌸ u transitions, respectively. In the case of the quartet manifold displayed in Fig. 3͑d͒ the distribution of oscillator strengths consists also of a main peak and a sideband peak corresponding to the 2 4 ⌸ u -1 4 ⌺ g − and 1
4 ⌸ u -1 4 ⌺ g − transitions, respectively. Since a system of three electrons should have a larger density of states than a system of two electrons the oscillator strength of the dipole-allowed transition in the harmonic limit can be fragmented into the near lying transitions for three electrons which does not occur for two electrons owing to the sparse density of states.
The last statement is confirmed by the results for four electrons displayed in Figs. 3͑e͒-3͑g͒. The distribution of oscillator strengths in the singlet manifold displayed in Fig.  3͑e͒ In the case of the triplet manifold displayed in Fig. 3͑f͒ the distribution of oscillator strengths consists of three peaks at ⌬E = 0.5408, 0.7376, and 0.8674 corresponding to
3 ⌸ u -1 3 ⌺ g − , and 3 3 ⌸ u -1 3 ⌺ g − transitions, respectively. The first two transitions are the sideband transitions and the last corresponds to the dipole-allowed transition in the harmonic limit. In the case of the quintet manifold displayed in Fig. 3͑g͒ the distribution of oscillator strengths, again, consists of main peaks and sideband peaks. The 1 5 ⌽ u -1 5 ⌬ g and 2 5 ⌸ u -1 5 ⌬ g transitions at ⌬E = 0.8346 and 0.8575 correspond to the dipole-allowed transitions in the harmonic limit. The other peaks at ⌬E = 0.7514 and 0.8883, assigned as the 1 5 ⌸ u -1 5 ⌬ g and 3 5 ⌸ u -1 5 ⌬ g transitions, respectively, are the sideband transitions. In all spin manifolds of four electrons the distribution of oscillator strengths consists of main peaks and sideband peaks as observed for the three-electron case.
Weakly confined electrons: Small
The distribution of oscillator strengths becomes significantly more complicated when the strength of confinement becomes small. The distribution of oscillator strengths for the same transitions discussed in the last section for two, three, and four electrons confined by a Gaussian potential with ͑D , , z ͒ = ͑0.8, 0.1, 2.0͒ has been calculated and are displayed in Figs. 4͑a͒-4͑g͒ , respectively. The potential has the same anharmonicity but the strength of confinement is ten times smaller. In all these figures the horizontal axes represent the excitation energies from the lowest states and the dotted lines represent the oscillator strengths of the dipole-allowed transitions in the harmonic limit. The result for two electrons in the singlet manifold displayed in Fig. 4͑a͒ has some similarity with the corresponding result for large displayed in Fig. 3͑a͒ in that the main peak at ⌬E = 0.08836 corresponds to the 1 1 ⌸ u -1 1 ⌺ g + transition. However, it is noted that the distribution displayed in Fig. 4͑a͒ shows two additional peaks in the higher energy region at ⌬E = 0.1744 and 0.2334 while the distribution for large displayed in Fig. 3͑a͒ shows only a tiny peak as discussed in the previous section. A similar observation is made for the triplet manifold displayed in Fig. 4͑b͒ where aside from the three main peaks an additional peak assigned as the 2 3 ⌬ g -1 3 ⌸ u transition is observed in the higher energy region at ⌬E = 0.2096.
In the case of three and four electrons the distribution of oscillator strengths has a rich structure as displayed in Fig.  4͑c͒-4͑g͒ . The result for three electrons in the doublet manifold displayed in Fig. 4͑c͒ shows two pairs of doublets appearing in the high energy region at about ⌬E = 0.13 and 0.16 in addition to the three main peaks and a sideband peak, 1 2 ⌺ g + -1 2 ⌸ u , for large as displayed in Fig. 3͑c͒ . It is noted that the other sideband peak in the low energy region, 1 2 ⌬ g -1 2 ⌸ u , which has been observed for large displayed in Fig. 3͑c͒ can hardly be observed in Fig. 4͑c͒ . This indicates that for small the oscillator strength for this 1 2 ⌬ g -1 2 ⌸ u transition has been "used" for the new transitions in the high energy region. As for the doublet manifold the distribution of oscillator strengths in the quartet manifold has an additional peak in the high energy region at ⌬E = 0.1886 as displayed in Fig. 4͑c͒ . It is noticed in Figs. 4͑c͒ and 4͑d͒ that the distribution of the quartet manifold is simpler than that of the doublet manifold. This is due to the fact that in the quartet manifold only ⌸ states are accessible from the lowest 1 4 ⌺ g − state while in the doublet manifold both ⌺ and ⌬ states are accessible from the lowest 1 2 ⌸ u state.
A comparison of Figs. 3 and 4 for four electrons shows that observations similar to those for the two-and threeelectron case can be made for the four-electron case: The oscillator strengths for the transitions to higher-lying states which can hardly be observed for large acquire a certain intensity for small . The results for the singlet and triplet manifolds show a number of states appearing as displayed in Figs. 4͑e͒ and 4͑f͒ . In the case of the quintet manifold no transitions are observed in the high energy range displayed in Fig. 4͑g͒ but there exists a transition, 4 5 ⌸ u -1 5 ⌬ g , in the higher energy region at ⌬E = 0.1634. Except for this transition all transitions with oscillator strengths larger than 1.0ϫ 10 −3 have been displayed in the figures.
Interpretation: Effect of electron-electron interaction
The observations made in the last two sections show that the number of excitations into higher-lying states is increased when the strength of confinement becomes small. Since the anharmonicity parameter ␣ is the same for the two cases of large and small , that is, the shape of the confining potential is the same in both cases, the observed differences must be ascribed to the difference in the relative importance of the electron-electron interaction. Therefore it can be said that the energy absorbed from a radiation field by the center-of-mass mode can be more efficiently redistributed internally for small than for large through the electron-electron interaction.
In order to understand the internal energy redistribution the leading configurations and their weights defined by the square norm of the coefficients in the CI wave functions for the states displayed in Fig. 3 for large and in Fig. 4 for small have been examined and listed in Tables IV and V, respectively. The configurations are represented in terms of the notations defined for the Hartree-Fock orbitals in Sec. III A. The states with an asterisk at the head of the state-label are the lowest states for the corresponding spin manifold. The polyad quantum number denoted as v p that characterizes the configurations is also listed in Tables IV and V. It is defined as the number of nodal planes summed over all Hartree-Fock orbitals involved in the leading configuration. As has been reported in previous studies on anisotropic harmonic-oscillator quantum dots 27, 35 the square-norm of the leading configurations represented in Tables IV and V are usually smaller for the smaller confinement strength due to a larger configuration mixing.
The radiative transitions discussed in the last two sections can be interpreted consistently by using the leading configurations listed in Tables IV and V. In case of the 1 1 ⌸ u -1 1 ⌺ g + transition of two electrons displayed in Fig. 3͑a͒ , for example, the lower 1 1 ⌺ g + state and the higher 1 1 ⌸ u state have the configuration of ͓͑0,0͔ g ͒ 2 and ͓͑0,0͔ g ͓͒͑1,0͔ u ͒, respectively. Therefore this transition is interpreted as a one-electron excitation from the lowest ͓0,0͔ g orbital to the ͓1,0͔ u orbital. In the case of the triplet manifold of two electrons displayed in Fig. 3͑b͒ the four states 1 3 ⌸ u , 1 3 ⌺ g + , 1 3 ⌬ g , and 1 3 ⌺ g − are involved in the displayed three transitions. They have the leading configurations ͓͑0,0͔ g ͓͒͑1,0͔ u ͒, ͓͑0,0͔ g ͓͒͑2,0͔ g ͒, ͓͑0,0͔ g ͓͒͑2,0͔␦ g ͒, and ͓͑1,0͔ u ͓͒͑1,0͔ u ͒, respectively. Therefore the 1 3 ⌺ g + -1 3 ⌸ u transition is a one-electron excitation from ͓1,0͔ u to ͓2,0͔ g , the 1 3 ⌬ g -1 3 ⌸ u transition is a one-electron excitation from ͓1,0͔ u to ͓2,0͔␦ g , and the 1 3 ⌺ g − -1 3 ⌸ u transition is a one-electron excitation from ͓0,0͔ g to ͓1,0͔ u , and so on.
According to the analysis of the leading configurations all these states can be classified into sets of groups, each of which is characterized by a different value of the polyad quantum number defined previously as the number of nodal planes summed over all Hartree-Fock orbitals involved in the leading configuration. The number of nodal planes for each orbital is equal to the value of v x + v y as defined in Sec. III A. For example, the leading configuration of the 3 5 ⌸ u state of four electrons listed at the bottom of Table IV consists of the four orbitals ͓͑0,0͔ g ͒, ͓͑1,0͔ u ͒, ͓͑2,0͔␦ g ͒, and ͓͑2,0͔ g ͒ having 0, 1, 2, and 2 nodal planes, respectively, summing to v p = 5. The idea of polyads has a long history in molecular vibrational spectroscopy 38, 39 and has been used for assigning vibrational states of polyatomic molecules when it is difficult to specify all normal-mode vibrational quantum numbers owing to prevalence of anharmonic coupling among the normal modes. [40] [41] [42] [43] In this case, instead of assigning a set of quantum numbers to each vibrational state a group of states is assigned simultaneously by a polyad quantum number. As shown in Table IV confinement becomes even smaller the inter-polyad mixing becomes stronger which may eventually break the polyad structure and lead to so-called quantum chaotic states. [44] [45] [46] 
IV. SUMMARY
In the present study the energy spectra and oscillator strengths of two, three, and four electrons confined by a quasi-two-dimensional Gaussian potential have been calculated for different strength of confinement and potential depth D by using the quantum chemical configuration interaction method employing reduced Cartesian anisotropic Gaussian basis sets. An optimum basis set has been constructed by checking the convergence of the calculated oscillator strengths.
The first ionization potential has been calculated for = 1.0 and 0.1 by changing the potential depth D in order to identify the critical potential depth with which all electrons of the system can be bound. A substantial redshift has been observed for the transitions corresponding to the excitation into the center-of-mass mode. The oscillator strengths, concentrated exclusively in the center-of-mass excitation in the harmonic limit, are distributed among the near-lying transitions. It is shown that the distribution of the oscillator strengths is limited to transitions located in the lower-energy region for = 1.0 but extends towards the higher-energy region for = 0.1. The analysis of the leading configurations in the CI wave functions shows that all states studied can be classified according to the value of the polyad quantum number v p defined as the number of nodal planes summed over all one-particle Hartree-Fock orbitals in the configuration. It is shown that the distribution of the oscillator strengths for larger occurs among transitions involving excited states with the same polyad quantum number v p as the center-of-mass-mode excited state, v p,cm , while for the smaller it occurs among transitions involving excited states with v p = v p,cm and v p = v p,cm + 2. The existence of a polyad structure in the anharmonic quantum dots could be useful in making assignments for experimental optical absorption spectra.
